Abstract. The generic fiber of a Lagrangian fibration is an abelian variety. This fact is used to associate to each Lagrangian fibration a polarization type which comes from a polarization on a generic fiber. It follows that this polarization type stays constant in a family of Lagrangian fibrations i.e. it is a deformation invariant. Conjecturally the polarization type should only depend on the deformation type of the total space. Indeed, we prove that the polarization type of K3
Introduction
The geometry of irreducible holomorphic symplectic manifolds or compact hyperkähler manifolds seems to be quite rigid since only four deformation types are known. The only possible nontrivial fibrations such manifolds can admit are Lagrangian fibrations as D. Matsushita showed, see Theorem 2.4. Lagrangian fibrations help us to understand the geometry of irreducible holomorphic symplectic manifolds. It is hoped that Lagrangian fibrations will be useful for the classification of irreducible holomorphic symplectic manifolds, see [Saw03] .
Let f : X → B be a Lagrangian fibration. It is well known that all smooth fibers are abelian varieties even if X is not projective. Given a smooth fiber F an immediate question is to ask for natural polarizations on it which is by definition the first Chern class H = c 1 (L) of an ample line bundle L of F .
By F. Campana, see Proposition 4.3, it is known that for each smooth fiber F one can find a Kähler class ω on X such that the restriction ω| F is integral and primitive and hence defines a polarization on F . An ad-hoc definition of the polarization type of a Lagrangian fibration would be to set d(f ) := d(ω| F ) where the latter one is the polarization type of the polarization on F given by ω| F . Indeed this does not depend on the chosen smooth fiber F and the chosen ω, see Proposition 4.7, Theorem 4.9 and Proposition 4.10.
The main result is the following. Ultimately we want the polarization type d(f ) only to depend on the deformation type of the total space of f : X → B for every deformation type of irreducible holomorphic symplectic manifolds. But this is possibly a too optimistic conjecture.
The proof of Theorem 1.1 (ii) involves moduli theory of Lagrangian fibrations of K3
[n] -type or K3
[n] -type fibrations i.e. Lagrangian fibrations f : X → P n such that X is of K3
[n] -type, this means X is deformation equivalent to the Hilbert scheme S [n] of n points of some K3 surface S.
In section 3 the moduli theory of Lagrangian fibrations is explained which relies on methods developed by E. Markman in [Mar11] and [Mar14] . Beside that a result of D. Matsushita, see Theorem 3.2, plays an important role which says that every Lagrangian fibration can be considered as a member of a family of Lagrangian fibrations parametrized by the deformation space Def(X, L) of the pair (X, L) where L is the pull-back of an ample line bundle on the base space. We will describe how to obtain a connected component of the moduli space of K3
[n] -type fibrations.
Section 5 recalls the notion of Beauville-Mukai systems which are examples of K3
[n] -type fibrations and it is shown that their polarization type is principal i.e. given by (1, . . . , 1) ∈ Z n which is needed for the proof of Theorem 6.1 (ii).
The rough idea of the proof of Theorem 1.1 (ii) is the following. Every connected component of the moduli of K3
[n] -type fibrations contains a Beauville-Mukai system. Then each two fibrations in such a component are deformation equivalent as fibrations hence the polarization type must be principal by Theorem 1.1 (i) since the polarization types of Beauville-Mukai systems are principal.
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Irreducible symplectic manifolds and their fibrations
In this section we recall the basic facts about irreducible holomorphic symplectic manifolds and their fibrations which are Lagrangian.
Definition 2.1 A compact Kähler manifold X is called hyperkähler or irreducible holomorphic symplectic if X is simply connected and H 0 (X, Ω 2 X ) is generated by a nowhere degenerate holomorphic two-form σ.
Note that σ is automatically symplectic since every holomorphic form on a compact Kähler manifold is closed.
The most basic example is provided by the Douady space S [n] of n points for a K3 surface S which parametrizes zero-dimensional subspaces of S of length n. A. Beauville [Bea84] showed that S [n] is an irreducible holomorphic symplectic manifold of dimension 2n. A complex manifold is called of K3
[n] -type if it is deformation equivalent to S
[n] for a K3 surface S.
The second cohomology H 2 (X, Z) of any irreducible holomorphic symplectic manifold X admits the well known Beauville-Bogomolov-Fujiki quadratic form q X which is non-degenerate and of signature (3, b 2 (X)−3), see [MGJ03, 23.3] . The associated bilinear form is denoted by (·, ·). On an abstract lattice we also denote the bilinear form by (·, ·). The lattice H 2 (X, Z) with the Beauville-Bogomolov-Fujiki form is a deformation invariant of the manifold X. For manifolds of K3
[n] -type this lattice is isometric to the K3
[n] -type lattice
see [Bea84, Prop. 6 ] where 2 − 2n denotes the lattice of rank one with generator l such that (l, l) = 2 − 2n, E 8 (−1) the negative definite root lattice and U the unimodular rank two hyperbolic lattice.
A marking on an irreducible holomorphic manifold X is the choice of an isometry η : H 2 (X, Z) → Λ. The tuple (X, η) is then called a marked pair or a marked irreducible holomorphic symplectic manifold.
If X is a fixed irreducible holomorphic symplectic manifold set Λ := H 2 (X, Z) and consider the Kuranishi family π : X → Def(X) with X 0 := π −1 (0) = X. We will view the base Def(X) sometimes as a germ but also as a representative which we choose small enough i.e. simply connected. Then by Ehresmann's theorem we can choose trivialization Σ : R 2 π Z → Λ Def(X) also called a marking and define the local period map by
where Λ C := Λ ⊗ C. It takes values in the period domain of type Λ [MGJ03, 22.3] namely Ω Λ := {p ∈ P(Λ C ) | (p, p) = 0 and (p,p) > 0} which is connected since the signature of q X is (3, rk Λ − 3).
Theorem 2.2 (Local
There exists a moduli space of marked pairs M Λ := {(X, η) marked pair } / ∼ = which can be constructed by glueing all deformation spaces Def(X) of irreducible holomorphic symplectic manifolds X with H 2 (X, Z) isometric to Λ. This gives a non-Hausdorff complex manifold of dimension rk Λ − 2. The global period mapping
is locally given by P : Def(X) → Ω Λ and hence is again a local biholomorphism by the Local Torelli. If one takes an arbitrary connected component M 
If L denotes a line bundle on X by abuse of notation we also denote the universal family of the pair (X, L) by π :
This family is the restriction of the Kuranishi family π : X → Def(X) to Def(X, L). We consider again Def(X, L) as a germ but as well as a proper space. A representative is locally given by (c 1 (L), ·) = 0 in Ω Λ hence it is a smooth hypersurface in Def(X), see [MGJ03, 26 .1] and one defines X L as the preimage of it.
For completeness we give the following definitions. Definition 2.3 Let X i , i = 1, 2, be two irreducible holomorphic symplectic manifolds. An isometry P :
is called a parallel transport operator if there exists a family π : X → S of irreducible holomorphic symplectic manifolds, points t i such that X t i = X i and a continuous path γ such that the parallel transport P γ along γ in the local system R 2 π Z coincides with P . For X := X 1 = X 2 it is also called a monodromy operator and the subgroup Mon The basic example of a Lagrangian fibrations is provided by the Douady space of n points S
[n] parametrizing zero-dimensional subschemes Z of length l(Z) := dim C O Z (Z) = n of an elliptic K3 surface f : S → P 1 . Then one uses the DouadyBarlet map
which is a resolution of singularities of the n-th symmetric product
which is a Lagrangian fibration and the smooth fibers are given by products of elliptic curves which are the fibers of f : S → P 1 . Note that two-dimensional Lagrangian fibrations are exactly the elliptic K3 surfaces.
Moduli space of Lagrangian fibrations
This section has the purpose to explain what we mean by the moduli space of Lagrangian fibrations. Most of the constructions and explanations can be found in [Mar11] and [Mar14] . D. Matsushita [Mat09] constructed a local moduli space of Lagrangian fibrations. Definition 3.1 (i) A family of Lagrangian fibrations over a connected complex space S with finitely many irreducible components is an S-morphism
where X → S is a family of irreducible holomorphic symplectic manifolds and P → S is a family of projective varieties such that for every s ∈ S the restriction φ| Xs : X s → P s to the irreducible homorphic symplectic manifold X s is a Lagrangian fibration.
(ii) Two Lagrangian fibrations f 1 and f 2 are deformation equivalent if there is a family of Lagrangian fibrations over a connected complex space S containing f 1 and f 2 .
Let π : X → Def(X) denote the Kuranishi family of an irreducible holomorphic symplectic manifold
a Lagrangian fibration and L be the pullback of a very ample line bundle on B. Then π L is locally free and there exists a family of Lagrangian fibrations
For a fixed deformation type of irreducible holomorphic symplectic manifolds with lattice Λ one can glue all total spaces Def(X, L) of such families X L → Def(X, L) for f : X → P n a Lagrangian fibration and L a line bundle on X as in the theorem to obtain a moduli space of Lagrangian fibrations which is a non-Hausdorff smooth hypersurface H Λ of dimension b 2 (X) − 3 in the moduli space of marked irreducible holomorphic symplectic manifolds M Λ .
In the K3
[n] -type case E. Markman [Mar14] provides methods to describe a connected component of the moduli space of Lagrangian fibrations lattice-theoretically.
From now on let X always denote a manifold of K3
[n] -type and let Λ be the K3
[n] -type lattice.
For a period p ∈ Ω Λ let Λ(p) denote the integral Hodge structure of weight two of Λ determined by the period p that is
We also set Λ 1,1 (p, R) := {m ∈ Λ R | (m, p) = 0} for R ∈ {Z, R}. Further consider the cones
The latter oneC Λ is called the positive cone. It is connected and
Choose a primitive isotropic class λ ∈ Λ and set
Further choose a generator of H 2 (C Λ , Z) i.e. an orientation ofC Λ so that by Lemma 3.3 we get a connected component C + p for every period p. If additionally the period p is contained in Ω λ ⊥ then by definition λ belongs to Λ 1,1 (p, R) and λ is contained in the boundary of one of the connected components of C p since λ is isotropic. Then consider only such periods which belong to the closure of the distinguished connected component C
which is a connected component of Ω λ ⊥ by construction. Let M Λ denote the moduli space of isomorphism classes of marked pairs (X, η) i.e. X is an irreducible holomorphic symplectic manifold of K3
[n] -type and η : H 2 (X, Z) → Λ is marking i.e. an isometry. Choose a connected component M 0 Λ of M Λ and consider the period mapping
Assume that M 0 Λ is compatible with the orientation ofC Λ . This means the following. If (X, η) ∈ M 0 Λ then there is a canonical choice for the connected component of
and compatibility means that η(C
We claim that this space is a connected component of the moduli space K3
[n] -type fibrations H Λ , see Theorem 3.7 below. In particular it is connected and open in M 0 Λ . Remark 3.4 Recall that a holomorphic line bundle L ∈ Pic(X) ∼ = NS(X) on an irreducible holomorphic symplectic manifold X is called nef if c 1 (L) belongs to closure of the Kähler coneK X in H 1,1 (X, R).
Lemma 3.5 Let f : X → P n be a Lagrangian fibration with X not necessarily of K3
[n] -type and let L := f A be the pullback of a nontrivial line bundle A on P n .
(i) L is isotropic with respect to the Beauville-Bogomolov quadratic form
q X . (ii) If A = O P n (k), k ≥ 0, i.e. it admits nontrivial sections then L is nef. (iii) Assume A = O P n (k), k ≥ 1, i.e.
it is very ample and let L be the universal bundle of the Kuranishi family of the pair (X, L). Then nefness of L t is an open condition in Def(X, L). Furthermore the non-nef locus in Def(X, L)
is the union of finitely many analytic subsets.
Proof:
since f : X → P n is holomorphic (hence orientable) and c 1 (A) 
is a union of finitely many closed analytic subsets and H \ V is open in H and consists precisely of all points t ∈ H with L t nef.
The space U 0 λ ⊥ compares to Matsushita's local moduli space in the following way. Proposition 3.6 Let (X, η) be a marked irreducible holomorphic symplectic manifold, f : X → P n be a Lagrangian fibration on X and
are locally isomorphic around (X, η) and 0 respectively. Proof: Note that λ is isotropic by Lemma 3.5. Under the assumption that Def(X) is chosen sufficiently small there exists an unique extension Σ : R 2 π Z → Λ Def(X) of η i.e. Σ 0 = η and we have a local isomorphism F : Def(X) → M Λ by the construction of the moduli of marked pairs. More precisely it is given by
and we have the following diagram
Theorem 3.7 Let λ be a primitive and isotropic element in the K3
[n] -lattice Λ. The space U 0 λ ⊥ has the following properties. Proof: Conversely let (X, η) be a marked pair admitting a Lagrangian fibration f : X → P n . Then λ := η(c 1 (f O P n (1))) is primitive and isotropic by Lemma 3.5. We then have
When do two Lagrangian fibrations on K3
[n] -type manifolds lie in the same connected component U 
Proposition 3.9 Let f i : X i → P n , i = 1, 2, denote two Lagrangian fibrations with X i of K3
[n] -type and set L i := f i O P n (1). Then the following statements are equivalent.
(i) The Lagrangian fibrations f i are deformation equivalent.
Proof: (i) ⇒ (ii) Consider a family of Lagrangrian fibrations φ : X → P over a complex space S with points t i such that φ t i = f i where we can assume that P is a projective bundle as the f i are fibered over P n . Let π : X → S denote the family of irreducible holomorphic symplectic manifolds belonging to the family φ.
(ii) ⇒ (iii) Let π : X → S be a family of irreducible holomorphic symplectic manifolds with S connected, t i points such that X t i = X i and e a section of R 2 π Z with e t i = c 1 (L i ). As R 2 π Z is a local system we can find a neighbourhood U of t 2 and a marking Σ : R 2 π Z| U → Λ U . As S is connected we can choose a path γ connecting t 1 with t 2 . Then γ is parallel along e i.e. γ e is a flat section of γ R 2 π Z. Consider the parallel transport P γ :
(iii) ⇒ (iv) As η • Further set X := N k=1 X k / ∼ where ∼ glues X k and X k+1 at (X k ) z k and (X k+1 ) z k . Note that those fibers are isomorphic.
• Denote by π k : X k → Def k the family of irreducible holomorphic symplectic manifolds belonging to the family φ k . Then the map π : X → S defined by π| X k := π k is well defined and is a family of irreducible holomorphic symplectic manifolds.
• Set P := N k=1 P k / ∼ where ∼ glues P k and P k+1 at the projective spaces (P k ) z k and (P k+1 ) z k+1 for k = 1, . . . , N − 1. We get a morphism P → S which is induced by the morphisms P k → Def k , k = 1, . . . , N . This map is a family of projective spaces hence a projective bundle.
Putting everything together we can define a map φ : X → P locally given by the ζ k : X k → P k , k = 1, . . . , N . This defines by construction a family of Lagrangian fibrations over S containing f 1 = φ t 1 and f 2 = φ t 2 .
Polarization types of Lagrangian fibrations
Let X be an irreducible holomorphic symplectic manifold of dimension 2n and f : X → B a Lagrangian fibration. For a general point t ∈ B the associated fiber 
Proof:
We have a surjective projection p : H 2 (X, R) → H 1,1 (X, R) which is induced by the Hodge decomposition. As
we can find a class α ∈ H 2 (X, Q) with p(α) ∈ K X . As F is Lagrangian and H 2,0 (X) is generated by the holomorphic symplectic form the restriction r : H 2,0 (X) → H 2,0 (F ) is zero, hence the non-(1, 1) parts of α are in the kernel of r so we have r(α) = r(p(α)). Then take a positive number m > 0 such that mα ∈ H 2 (X, Z) and mr(α) is primitive. Consequently ω := mp(α) is a special Kähler class with respect to F since r(ω) = r(mα) ∈ H 2 (F, Z).
A polarization on an abelian variety A is by definition the first Chern class c 1 (L) ∈ H 2 (A, Z) of an ample line bundle L on A. The restriction ω| F of a Käh-ler class which is special with respect to the smooth fiber F defines a primitive polarization on the abelian variety F .
Lemma 4.4 Let K X be the Kähler cone of X, F a smooth fiber and r : H
is a ray and contains integral points.
Proof: (i) Consider the space
Let L be the pullback of a very ample line bundle on B by f . Then Def(X, L) ⊂ D F : By Theorem 3.2 we have a family ζ :
Then we can choose a neighbourhood U of 0 and a local holomorphic section s : U → P of the P n -fibration X L → P such that s(0) = t 0 . Then the fiber product as a Kähler class on X restricts to a nontrivial element in H 2 (F, C). We conclude that rk r = 1.
(ii) By (i) we have rk r = 1. In particular one has rk(r : H 1,1 (X, R) → H 1,1 (F, R)) = 1. As K X is open in H 1,1 (X, R) it follows that dim G = 1. Since G is the restriction of the Kähler cone of X to F it is in particular a ray. By Proposition 4.3 G contains integral points.
Remark 4.5
(i) If π : X → Def(X) denotes the Kuranishi family then the local system R 2 π C X is trivial as we assume Def(X) to be simply connected. By Ehresmann's theorem we can choose a differentiable trivialization
where we denote by ρ t := ρ| X : X → X t the associated fiber diffeomorphism. Further we can choose a relative holomorphic form σ i.e. a section of Ω 2 X/ Def(X) such that the restriction σ t := σ| Xt is a holomorphic symplectic form on X t . Then the space D F in the proof of Lemma 4.4 can also be defined as For each t ∈ B • consider the restriction r t : H 2 (X, R) → H 2 (X t , R). And set
. By Lemma 4.4 G t is a non-empty semigroup of rank one. We can define a mapping
is the unique integral and primitive element in G t for all t ∈ B • .
Proposition 4.6
The G t form a local system G of semigroups on B
• . The map α : B
• → H can be considered as a section of G and is in particular continuous.
Proof: Consider the family of sections
Then the image of ϕ is the union of rays in each H 2 (X t , R) considered in Lemma 4.4 containing integral points. Note that the family ϕ is differentiable as for each ω ∈ K X the corresponding section ϕ(ω, ·) is differentiable. It is in particular flat i.e. ∇ϕ(ω, ·) = 0 for each ω ∈ K X which follows by the Cartan-Lie formular, see [Voi02, 9.2.2].
Let H ∇ be the sheaf of flat sections of
As ϕ is a flat family the image im ϕ is a local system of semigroups which is contained in H ∇ . Then define G := im ϕ ∩ R 2 g Z which is in a canonical way a local system whose stalks are given precisely by
Take a open covering
For each i the restriction α| U i is the unique primitive element in G. They glue to an unique global section of G which is precisely α. Hence α is continuous as a section of the local system G and in particular as a map B
• → H.
Clearly α(t) ∈ H 2 (X t , Z) defines a polarization on the abelian variety X t for every t ∈ B
• . Any polarization on an abelian variety one can associate a tuple of integers which is called the polarization type in the following way.
Since X t is an abelian variety we have an identification
We then can see α(t) : Λ t ⊗ Λ t → Z as an alternating integral form on the lattice Λ t := H 1 (X t , Z). By the elementary divisor theorem we can find a basis of Λ t such in this basis we have
is called the polarization type of α(t) and it does a priori depend on t ∈ B
• .
Proposition 4.7 The polarization type
d(f, ·) : B • → Z n is constant.
Proof: By construction for t ∈ B
• the associated tuple d(f, t) is the diagonal of the representation matrix of α(t) : Λ t × Λ t → Z with respect to a chosen basis b 1 (t), . . . , b 2n (t) of the lattice H 1 (X t , Z). This correspondence is continuous and since d(f, ·) is integer valued in each component it is locally constant hence constant as B
• is connected. 
Proof:
The proof is similiar to the one of Proposition 4.6. Let φ : X → P be a family of Lagrangian fibrations parametrized by a complex space S. Setting B := s∈S B
• s where as before B
• s := P s − ∆ s is the base of the Lagrangian fibration φ s := φ| Xs : X s → P s without the discriminant locus. Note that B is connected as it is P without a real codimension two subset. Set ψ := φ| π −1 (B) : φ −1 (B) → B which is a holomorphic submersion.
With same argument as in Proposition 4.6 we get a section A : B → R 2 ψ Z such that for t ∈ B s the value A(t) coincides with α s (t) where α s is the continuous mapping α s : B 
As ω| F is the restriction of a Kähler class it is contained in the ray G of Lemma 4.4. Since ω| F is primitive it is in the image of α :
Example 4.11 Let f : S → P 1 be an elliptic K3 surface and ω a special Kähler class on S with respect to a smooth fiber F . As F is an elliptic curve we have H 2 (F, Z) ∼ = Z. Since α := ω| F is primitive it is the generator of H 2 (F, Z) and so α = c 1 (L) for an ample line bundle of degree deg(L) = 1. We then have
as one can identify degree map with integration of the first Chern class. Proof: By Proposition 3.9 the associated Lagrangian fibrations are deformation equivalent and the claim follows by Proposition 4.9.
A very optimistic conjecture is the following. As every known irreducible holomorphic symplectic manifold can be deformed to one which admits a Lagrangian fibration this conjecture would basically give a new deformation invariant. In section 6 we verify this conjecture for manifolds of K3
[n] -type.
Beauville-Mukai systems
This section has the purpose to recall the notion of Beauville-Mukai systems which are important examples of K3
[n] -type fibrations and to determine their polarization type.
Let S be a projective K3 surface and let H
• (S) denote the Mukai lattice i.e.
together with the bilinear form defined by (v, w) :
and similarly for w. This lattice is even, unimodular, of rank 24 and isometric to
is the the K3 lattice, E 8 (−1) the negative definite root lattice and U the unimodular rank two hyperbolic lattice. We identify H 4 (S, Z) = Z where we use the Poincare dual to a point as a generator and similarly H 0 (S, Z) = Z by taking the Poincare dual of S. Remark 5.3 More classically Beauville-Mukai systems arise from linear systems induced by a smooth curve in S in the following way. Let C ⊂ S denote an irreducible smooth curve of genus n. Under the assumption that Pic(S) is generated by O S (C) all curves in the linear system |C| are reduced and irreducible. By Riemann-Roch it follows that |C| = P n . Let C → P n denote the associated family of curves. The relative compactified Jacobian π : 
Polarization types of K3
[n] -type fibrations
In this section we verify Conjecture 4.13 for K3
[n] -type manifolds which follows mainly by methods developed by E. Markman [Mar14] . For the following see also section 2. of [Mar14] . 
For a fixed K3
[n] -type manifold X we have constructed the monodromy-invariant h : I d (X) → I n,d . Is X is another K3
[n] -type manifold then we denote the monodromy-invariant also by h : I d (X ) → I n,d . represented by (H n,d , (d, b) ).
Then gcd(b, d) = 1 by Remark 6.4 hence Lemma 6.5 gives a Beauville-Mukai system π : X → P n together with a primitive isotropic class α ∈ H 2 (X , Z) such that Div(α) = d, L := π O P n (1) satisfies c 1 (L ) = α and h(α) is represented also by (H n,d , (d, b) ) i.e. h(α) = h(λ).
Further by Lemma 6.7 we have (ω, L) > 0 and (ω , L ) > 0 for ever Kähler classes ω on X and ω on X as L and L are isotropic. Hence we can apply Lemma 6.6 which says that the pairs (X, L) and (X , L ) are deformation equivalent. By Proposition 3.9 there exist markings η and η on X and X respectively such that the pairs (X, η) and (X , η ) are contained in the same connected component of the moduli of Lagrangian fibrations U which concludes the proof.
